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ON LIPSCHITZ-FREE SPACES OVER SPHERES OF BANACH SPACES
PEDRO L. KAUFMANN AND LEANDRO CANDIDO
Abstract. We prove that, for each Banach space X which is isomorphic to its hyper-
planes, the Lipschitz-free spaces over X and over its sphere are isomorphic.
1. Introduction
Geometry of Lipschitz-free spaces have become a very active research subject in recent
years. An approach to the topic that has been revealed as very fruitful consists in estab-
lishing relations between the free space over a metric space and the free spaces over certain
of its subsets. Let us mention some examples:
• Godefroy and Ozawa showed in [9] that, given a separable Banach space X and a
convex closed subset C, the free space F(C) contains an isometric and 1-complemented
copy of F(X). With this, they were able to construct a free space over a compact metric
space failing to have the approximation property.
• In [10], Kalton shows that the free space over a pointed metric space (M, d, 0) admits
a complemented copy in the ℓ1-sum of F(Mk), k ∈ Z, where Mk are the annuli defined
by Mk = {x ∈ M : 2
k−1 ≤ d(x, 0) ≤ 2k+1}. This result has a range of applications; in
the same paper it is used for instance to prove that the free space over uniformly discrete
metric spaces has the approximation property. Another application is pointed out in the
next item.
• In [11] it is shown that the free space over a Banach space is always isomorphic to the
free space over its ball, using Kalton’s aforementioned result. This result was for instance
used in its finite dimensional version by Cu´th, Doucha and Wojtaszczyk in [5] to prove
that F(M) is weakly sequentially complete for every subset M of Rn.
• More recently, Aliaga, Nouˆs, Petitjean and Procha´zka obtained a related result that
can be found in [2]: the free space over a complete metric space M is weakly sequentially
complete if and only if F(K) is weakly sequentially complete, for each compact subset K
of M .
Motivated especially by the second and third examples, one can ask:
Question. Given a Banach space X , how can we relate the free space over it and over
its sphere, SX?
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As we shall see, using well known facts we can show that we can always find a comple-
mented copy of F(SX) in F(X). When we assume that, moreover, X is isomorphic to one
of its hyperplanes (and therefore to all of its hyperplanes [6, Exercice 2.9]), we have more:
Theorem (Main result). Let X be a Banach space such that X is isomorphic to its
hyperplanes. Then F(X) and F(SX) are isomorphic.
In the remainder of this text we will present a short proof of this statement.
2. Proof of main result
Throughout the text, we shall adopt the following notation. Given X and Y Banach
spaces, X ≃ Y stands for X is isomorphic to Y . X ∼= Y stands for X is isometrically
isomorphic to Y . X
c
→֒ Y stands for X is isomorphic to a complemented subspace of Y .
The closed unit ball of X is denoted by BX .
Let us start recall some basic properties and notions orbiting around free spaces which
we will use. For the reader unfamiliar to the subject, we refer to Weaver’s book [14] (where
Lipschitz-free spaces are denominated Arens-Eells spaces), Godefroy and Kalton’s paper
[8] and Godefroy’s survey [7] for a thorough introduction.
Given a pointed metric space (M, 0), we denote by Lip0(M) the Banach space of real
valued Lipschitz functions defined on M vanishing at 0. For each x ∈ M , we define an
evaluation functional δ(x) ∈ Lip0(M)
∗ by setting δ(x)(f) = f(x). The Lipschitz-free space
over M , denoted by F(M), is defined as the closed linear span of all evaluation functionals
in Lip0(M)
∗. δM = δ : x ∈M 7→ δ(x) ∈ F(M) is easily seen to be an isometric embedding.
F(M) is a canonical isometric predual for Lip0(M), giving it a w
∗ topology which coincide
with the topology of pointwise convergence on bounded subsets of Lip0(M).
A powerful property of this spaces is that they allow linear interpretation of Lipschitz
maps between metric spaces in a unique fashion. Namely, given two pointed metric spaces
(M, 0M), (N, 0N) and a Lipschitz map f : M → N taking 0M to 0N , there exists a unique
bounded linear operator T : F(M) → F(N) such that T ◦ δM = δN ◦ f . The norm of
the operator T coincides with the Lipschitz constant of f . In particular, if M and N are
bi-Lipschitz equivalent (that is, if there exists a Lipschitz bijection with Lipschitz inverse
between them), then F(M) ≃ F(N).
Now suppose that 0 ∈ N ⊂ M . Whenever we can find a bounded linear operator
E : Lip0(N)→ Lip0(M) such that E(f)|N = f (that is, E is an extension operator) which
is moreover w∗ continuous, it admits a preadjoint E∗ : F(M)→ F(N) which can actually
be realized as a (bounded linear) projection if we see F(N) as a subspace of F (M). It
follows that F(N)
c
→֒ F(M). There are several ways to pursue such extension operators
(the interested reader should refer to [4] and [12]). One of the simplest (and which shall
suffice for our purposes) is to look for a Lipschitz projection from M onto N . If such
projection P : M → N exists, we can define E by putting E(f) = f ◦ P .
We recall at this point that Benyamini and Sternfeld proved in [3] that there exists
a Lipschitz retraction from BX onto SX , whenever X is an infinite dimensional Banach
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space. It is straightforward to obtain a retraction from X onto SX by composing it with
the Lipschitz projection G : X → BX given by the formula
G(x) =
{
x
‖x‖
if ‖x‖ ≥ 1;
x if ‖x‖ ≤ 1.
By the above discussion we can conclude the the following holds:
Fact 2.1. Let X be an infinite dimensional Banach space. Then, F(SX)
c
→֒ F(X).
The following observation will also be useful:
Fact 2.2. If X and X are isomorphic Banach spaces, then their spheres are bi-Lipschitz
equivalent. In particular, F(SX) ≃ F(SY ).
Indeed, suppose that T : X → Y is an isomorphism. Then the function f : SX → SY
given by the formula f(x) = T (x)/‖T (x)‖ is a bi-lipschitz isomorphism with distortion less
or equal to (2‖T−1‖‖T‖)2. We are now in position to prove our main result:
Proof of main result. Since X is isomorphic to its hyperplanes, X is isomorphic to R ⊕∞
X = Y . In particular, by Fact 2.2, SX and SY are Lipschitz equivalent. Note that D =
{(1, x) : x ∈ BX} is a subset of SY , isometrically isomorphic to BX . Define π : SY → D
by π(λ, x) = (1, x). π is a 1-Lipschitz retract. Indeed, it clearly fixes points of D, and for
each (λ, x), (α, y) ∈ SY ,
‖π(λ, x)− π(α, y)‖Y = ‖(0, x− y)‖Y = ‖x− y‖X
≤ max{|λ− α|, ‖x− y‖X} = ‖(λ, x)− (α, y)‖Y .
It follows that
F(D)
c
→֒ F(SY ). (2.1)
Recall that, by [11, Corollary 3.3], F(D) ∼= F(BX) ≃ F(X). By Fact 2.2, F(SX) ≃ F(SY ).
We then may rewrite (2.1) as F(X)
c
→֒ F(SX).
On the other hand, by Fact 2.1, F(SX)
c
→֒ F(X). An application of Pe lczyn´ski decom-
position method leads us to the conclusion. 
We remark that recently Albiac, Ansorena, Cu´th and Doucha proved that F(Rn) ≃
F(SRn+1), for each n ∈ N (see [1]). Of course, R
n does not satisfy the criteria to apply
our main result. In view of our discussion, this relates to the question of whether or not
F(Rn) 6≃ F(Rm) when n 6= m, which is open for n,m ≥ 2, as far as we know. For n = 1,
it is well known that F(R2) 6 →֒ F(R) due to a result of Naor and Schechtman ([13]).
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